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We theoretically study the generation of quantum correlations in a hybrid
system composed by two interacting semiconductor quantum dots mediated
by a metal nanoparticle and coupled to an external laser field. Interactions
present in the hybrid system are treated using a semiclassical approximation
except for the direct dipole-dipole interaction. We report the entanglement
of formation, which gives information about entanglement quantum correla-
tions, for continuous wave and pulsed driving applied fields. We have found
that for proper values of the physical and geometrical parameters of the hy-
brid system the applied field can be tuned producing quantum correlations
of significant value so that they can be useful in quantum information and
computation processes.1 2
1 Introduction
Generation of well-controlled quantum correlations is the main research of many scien-
tists working in the relatively new field of quantum information and quantum process-
ing [1]. The most thoroughly studied quantum correlation is the entanglement. This
striking feature has been mainly quantified by means of the concurrence and the entangle-
ment of formation (EoF) [2]. A prototype system, the simplest composite system which
can display quantum entanglement, is a two-qubit system. Pairs of semiconductor quan-
tum dots (SQDs) where each one is characterized by two-level states (ground state and
excitonic excited state) are ideal experimentally realistic nanostructures. Moreover, by
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introducing a plasmonic nanostructure between the two SQDs, the local electromagnetic
field can be altered in a somehow desirable way and strong quantum correlations can be
obtained [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25].
In the above area of studies, Artuso and Bryant [9] studied a system composed by two
SQDs (modeled as two-level systems) mediated by a spherical metal nanoparticle (MNP).
They gave emphasis to the interaction of the system with an external electromagnetic
field and presented the population dynamics of the two-qubit system for several cases.
Previously, He and Zhu [6] had studied the transient population dynamics and the
entanglement dynamics of the same system in the absence of an external electromagnetic
field. Also, quite recently, Nerkararyan and Bozhevolnyi [16] have investigated how the
relaxation dynamics in a system of two quantum dipole emitters (modeled as three-level
systems) coupled to a spherical MNP influences the entanglement dynamics.
The externally-driven coupled SQD — spherical MNP — SQD system [9] is a direct
extension of the externally-driven coupled SQD — spherical MNP system, which is a
basic system of quantum plasmonics [26]. In the externally-driven coupled SQD —
spherical MNP system, the optical properties and the controlled population dynamics
has been extensively studied [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41]. In
this work, we return to the externally-driven coupled SQD — spherical MNP — SQD
system [9] and study in detail the entanglement between the two SQDs. We quantify
the entanglement with the EoF and present results for both transient entanglement
dynamics and the steady state value of entanglement for various system parameters.
R1 R2
1 2
a
M (ω)
SQD1 SQD2MNP
~E(t)
B
Figure 1: SQD — MNP — SQD geometry
This paper is organized as follows. In sect. 2, we present the theoretical model for
the hybrid nanostructure in the presence of an applied external electromagnetic field
and introduce a semi-classical scheme to describe the coupling of the pair of qubits
directly to the applied field and through the MNP particle. While the direct SQD-SQD
coupling is modeled quantum mechanically. Next, in sect. 3 we present the results for
the time evolution of EoF and steady state results for EoF as a function of the various
characteristic parameters of the hybrid system for both cw and pulsed fields. Finally, in
sect. 4 we summarize our findings.
2
2 Theory
We consider a system as previously described in [9], where two identical SQDs (labeled
by index i(= 1, 2)) mediated by a spherical metal nanoparticle of radius α are subject to
a continuous sinusoidal wave (part 1) and pulsed laser (part 2) electric field (fig 1). The
SQDs are at a center-to-center distance of Ri from the MNP and the driving field of the
applied cw is characterized by its magnitude E0 and angular frequency ω. For the pulsed
laser field case, we assume a hyperbolic secant envelope, f(t), E = E0f(t) cos(ωt) with
f(t) = sech ((t− t0)/tp), though the exact envelop shape is not of particular importance.
The SQDs are directly coupled to the applied field, feel the electric field produced by
the MNP and interact with each other.
We only consider two levels for the SQDs having exciton energies ~ωi, transition
electric dipole moments µi and dielectric constants i. B is the dielectric constant for
the material in which the entire system is embedded.
The Hamiltonian for the system is
Htotal = H0 +HSQD +Hint (1)
where H0 the unperturbed Hamiltonian, HSQD describes the SQD — MNP interaction
and Hint is the direct coupling between the SQDs.
We write H0 as H0 = ~ωiαˆ†iαi, where repeated indexes imply summation over the
indexes and αˆ
(†)
i are the exciton annihilation (creation) operators for each SQD.
2.1 SQD — MNP interaction
We calculate HSQD semi-classically, so HSQD = −µi(E∗SQDiαˆ†i +ESQDiαˆi). ESQDi is the
electric field at the center of SQDi.
We write the electric field of the SQDs in terms of the screening factor (effi =
2B+i
3B
)
and the induced field produced by the polarization of the MNP (EM,i):
ESQDi =
1
effi
(E(t) + EM,i) ,
where the induced field and the polarization of the MNP are in turn [9]
EM,i =
1
4pieB
sαPMNP
R3i
PMNP = 4piγa
3eB
(
E(t) +
sα
4pieB
∑
i
PSQDi
R3i effi
)
The polarization PSQDi of each SQD is found from the density matrix elements, for
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the allowed transitions:
PSQDi
µi
= |1〉 ρ 〈SQDig|+ |SQDig〉 ρ 〈1|+ |4〉 ρ 〈SQDie|+ |SQDie〉 ρ 〈4|
PSQD1
µ1
= ρ1,2 + ρ2,1 + ρ4,3 + ρ3,4
PSQD2
µ2
= ρ1,3 + ρ3,1 + ρ4,2 + ρ2,4
or, compactly,
PSQDi
µi
= ρ˜pi+ ρ˜
∗
pi, defining ρ˜p1 = ρ1,2 +ρ3,4 and ρ˜p2 = ρ1,3 +ρ2,4. Our basis
is composed of four states, named |1〉 = |g1g2〉, |2〉 = |g1e2〉, |3〉 = |e1g2〉 and |4〉 = |e1e2〉,
where gi and ei label the ground and the excited states of the i-qubit, respectively.
To simplify the expression for PMNP we introduce the parameters Gi,Ωi and F :
Gi =
γα3s2αµ
2
i
4piB2effiR
6
i ~
Ωi =
E0µi
2~effi
(1 +
γα3sα
R3i
)
F =
1
4piB
γα3s2αµ1µ2
~eff1eff2R31R32
so we can now write:
ESQDi =
Gi~
µ2i
PSQDi +
F~
µiµı¯
PSQDı¯ + 2f(t)
Ωi~
µi
cosωt
HSQD = −
(
Gi~
µi
PSQDi +
F~
µı¯
PSQDı¯ + 2f(t)Ωi~ cosωt
)
αˆi + h.c (2)
2.2 SQD direct coupling
For the direct coupling the Hamiltonian can be written [9, 42]
Hint = ~δ(αˆ1 + αˆ†1)(αˆ2 + αˆ
†
2) , (3)
where δ is the interaction energy between the SQDs. In the model under study, all
interaction fields are parallel to each other so we can write [8, 9, 42]
δ(ω,R1↔2) = −γem · 3
2
(
cos ζ
ζ3
+
sin ζ
ζ2
)
where ζ = ωc (R1 +R2) and γem is the decay rate that characterizes the interaction.
In case we apply a semiclassical approximation for the direct coupling of the two
quantum dots we report very different results that do not fully reveal the quantum me-
chanical nature of our system. However we have observed that the same (fully quantum
treatment) is not necessary for the other interaction terms.
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2.3 Rotating Wave Approximation and master equation
The final Hamiltonian is
H =~ωiαˆ†iαi
− ~αi ·
(
2Ωif(t) cosωt+
PSQDi
µi
Gi +
PSQDı¯
µı¯
F
)
− ~α†i · (h.c.)
+ ~δ(αˆ1 + αˆ†1)(αˆ2 + αˆ
†
2) ,
We transform the Hamiltonian to a different basis:
|1〉 → eiωt |1〉 , |2〉 → |2〉 , |3〉 → |3〉 , |4〉 → e−iωt |4〉 .
In this basis PSQDi is
PSQDi
µi
= eiωtρ˜pi + e
−iωtρ˜∗pi
and the full Hamiltonian is, after a rotating wave approximation:
Htotal =~(ωi − ω)αˆ†iαi + ~ωI4
− ~αi · (Ωif(t) +Giρ˜pi + F ρ˜pı¯)
− ~α†i · (h.c)
+ ~δ(αˆ1 · αˆ†2) + h.c
=− ~

−ω H1 H2 0
H?1 −ω1 0 H2
H2
? 0 −ω2 H1
0 H2
? H1
? ω − (ω1 + ω2)
+ ~

0 0 0 0
0 0 δ 0
0 δ 0 0
0 0 0 0
 (4)
where H1 = Ω1f(t) +G1ρ˜p1 + F ρ˜p2 and H2 = Ω2f(t) +G2ρ˜p2 + F ρ˜p1
The master equation for the system is
dρ
dt
=
i
~
[ρ,H]− Γ(ρ) , (5)
where ρ(t) is the density matrix of the system of the SQDs.
Γ(ρ) is the relaxation matrix that describes the dissipative processes. We use the
approximation by [9], treating the SQDs as non interacting. We calculate Γ in terms of
the density and relaxation matrices of each single SQD, The final relaxation matrix is
given by
Γ(ρ) =
(
1
T1
(1⊗ σx) ◦ ρ
)
+
(
1
T2
(σx ⊗ 1) ◦ ρ
)
+(
− 1
τ2
(σz ⊗ [ρ]34)
)
+
(
− 1
τ1
([ρ]24 ⊗ σz)
)
,
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where 1 =
(
1 1
1 1
)
, σi the Pauli matrices, ◦ signifies pairwise product between matrices
and [ρ]ab =
(
ρaa ρab
ρba ρbb
)
. The parameters Ti and τi are relaxation times characteristic of
the system: τi pertains to spontaneous decay of the exciton state, while Ti pertains to
decoherence by phonon interactions inside the SQD.
2.4 Entanglement measure
Finally, we present the measure of quantum correlations which is used in this work,
i.e. the EoF. In order to find the EoF [2] we compute the matrix R = ρ(t)(σAy ⊗
σBy)ρ(t)∗(σAy ⊗ σBy), where ρ(t) is the solution of the previous master equation and
σiy, with i = A,B are the Pauli matrices of the two SQDs respectively. By diagonalising
the matrix R, we compute its eigenvalues λj , with j = 1, 2, 3, 4, and then we calculate
the concurrence, which is C = max[0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4] for λ1 > λ2 > λ3 > λ4.
Given that, we can compute the EoF expressed as
EoF(ρ) = h(
1 +
√
1− C2(ρ)
2
) , (6)
where h(x) = −x log2 x − (1 − x) log2(1 − x) is the binary entropy function. The EoF
takes values from 0 (no entanglement for the system) to 1 (maximum entanglement).
2.5 Parameters for the numerical calculations
We summarize the parameters Gi, F, γ,Ωi, δ
Gi =
γα3s2αµ
2
i
4piB2effiR
6
i ~
Ωi =
E0µi
2~effi
(1 +
γα3sα
R3i
)
F =
1
4piB
γα3s2αµ1µ2
~eff1eff2R31R32
δ = −γem · 6
4
(
cos ζ
ζ3
+
sin ζ
ζ2
)
ζ =
ω
c
(R1 +R2)
γ =
M (ω)− B
2B + M (ω)
,
with M (ω) being the dielectric function of the MNP, which we consider as that of gold,
found experimentally [43]. We set B = 0 and 1 = 2 = 60 and use effi =
2B+i
3B
. We
take sα = 2 as all interaction fields are parallel to each other.
We set ω1 = ω2 = 2.5 eV, which is near the plasmon peak for gold (fig.2).
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Figure 2: Experimentally found Dielectric response of gold [43]
For the radius of the MNP, α, we use values in the range 0.1 nm to 8 nm. We note that
not all values in this range are practical but we use them nevertheless for completeness
of the numerical analysis.
Also, we take T1 = T2 = 0.3 ns and τ1 = τ2 = 0.8 ns. For γem we use the geometric
mean of the spontaneous decay rates of each SQD, γem =
√
1/T1T2
The characteristic times of the pulse are t0 = 22.5 ps and tp = 3 ps.
3 Results
In order to calculate the quantum correlations, we solve the set of differential equations
of the density matrix elements of eq.5. We calculate the EoF which is a measure of
the quantum correlations related to entanglement. In the present study our initial state
is the most natural one, |1〉 = |g1g2〉,, where both qubits are in the ground state. An
external laser field is applied to the system. The intensity of the applied laser field is
proportional to the square magnitude of E0.
In fig. 3 we plot the time evolution of EoF for representative values of the geometric
parameters of the hybrid system (α = 2 nm, µ1 = µ2 = 2.20 enm and R1 = R2 = 9
nm). We apply a cw and pulsed laser field (of t0 = 22.5 ps and tp = 3 ps) with angular
frequency of the field equals the excitonic transition eigenfrequency (resonance condition)
and various characteristic intensities (for comparison and consistency see next figure,
fig.4). First for the cw field we observe that EoF reaches a maximum value strongly
depended on the magnitude of the applied field. For a value of 0.41 we get the maximum
value (approximately 0.9). In all cases studied we have found that the maximum value
is achieved at an early time and then the EoF performs an oscillatory decline, which is
in accord o the characteristic relaxation times. Similarly, for the pulsed field the EoF
reaches a maximum value of approximately 0.8 at the same intensity as in the cw case,
and then smoothly declines. We emphasize here that we have observed this pattern in
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all cases that we investigated, for the same parameter set, the cw field achieves slightly
higher EoF values that oscillate chaotically to lower values. Actually, two facts make the
pulsed field more practical for use in quantum computation processes. First the gradual
declination of EoF and second the observation that the maximum value of EoF can be
related to the shape of the pulse (for example the peak position).
Then, in fig.4, we investigate the dependence of maximum EoF as a function of the
intensity of the applied field for various angular frequencies of the field (on resonance
and on off-resonance conditions). These are very informative plots and clearly reveal
the importance of the intensity of the externally applied laser field on achieving high
values of entanglement in a robust manner. A very significant observation is that in
most cases investigated, above a characteristic value of the intensity the maximum EoF
achieved has the same (relatively) high value. Moreover, in the off-resonance case there
is a strong dependence on the position of the two SQDs (see the plot in the right column
and middle row).
Then, we systematically study the dependence of EoF of the hybrid system on the
various parameters of the system. In all cases studied we apply a cw and pulsed laser
(of t0 = 22.5 ps and tp = 3 ps) with intensity, found under systematic numerical inves-
tigation, that maximizes the observed EoF. Hence, we mainly study maximum EoF as
a function of the hybrid system geometrical parameters, i.e. size of MNP, dipole mo-
ments and the position of the SQDs, and the external parameters, i.e. the characteristic
parameters of the external fields.
First, in fig. 5 we depict the density diagram of the maximum achieved EoF as a
function of dipole moments of the two identical SQDs, µ1 = µ2 and the radius of the
MNP α for R1 = R2 = 9 nm. From this diagram it appears that we have two distinct
regions. One where we can find very high EoF values and a region of significantly lower
EoF values. The observed behavior is in accordance to the one reported in top fig. 3
of ref. [9]. The region of high EoF corresponds to the EXIT and the transition chaotic
region of the phase diagram there [9]. The transition suppression and the bistability
region shows lower EoF. In the next figure (Fig. 6) we investigate the final EoF for the
pulsed case, as the final EoF of the cw filed is always zero. We report that the shorter
distance of R1 = R2 = 9 nm case gives higher values of the EoF compared to the higher
distance of R1 = R2 = 13 nm case.
Finally, we have found a rather strong dependence of angular frequency of the laser
field. In Fig. 7 we report for fixed radius of the MNP (α = 1nm) the maximum EoF as
a function of the dipole moment of the SQDs and the detuning of the applied field and
found a very strong dependence. Actually, fig. 7 is highly asymmetric, showing significant
values of EoF only for negative detuning or for very close to resonance driving fields. We
have found that for positive detuning, i.e. for incident photons of higher energy than
the exciton energy, the EoF shows low values, strongly depending on the detuning
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4 Summary
We have theoretically investigated the entanglement created in a hybrid nanostructure
molecule consisting of two interacting SQDs coupled to a centrally located MNP driven
by an external applied cw and pulsed laser field. The SQDs excitons are modeled quan-
tum mechanically as two level systems and the MNP classically as a spherical MNP.
Also, all interactions in the system are treated using a semiclassical approximation, ex-
cept the direct SQDs coupling. The dynamics of the hybrid system is studied by means
of the master equation of the density matrix of the two SQDs in the presence of the MNP.
We use the density matrix elements and calculate the EoF numerically. In general, we
have found that for proper values of the dipole moments of SQDs, the size of MNP and
the distance of the SQDs from the MNP, as well as for the intensity of the applied, cw
or pulsed field, we can produce steady state quantum correlations of significant value,
and maximally entangled states so that they can be useful in quantum information and
computation processes.
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Figure 3: Plots of EoF as a function of time for a hybrid system on resonance. Radius of
MNP is 2 nm, the dipole moment of each SQD is 2.20 enm and the distance of
each SQD from the MNP is 9 nm. Various plots are depicted for characteristic
values for the intensity of the field (1× 106 V/m).
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Figure 4: Plots of maximum EoF as a function of E0 for a hybrid system on resonance
(top), ω0 − ωi = −δ (middle), ω0 − ωi = δ (bottom). Radius of MNP is 2 nm,
the dipole moment of each SQD is 2.20 enm and the distance of each SQD from
the MNP is 9 nm (solid line) and 13 nm (dashed). cw field (left) and secant
pulse field (right).
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Figure 5: Dipole moment (µ1 = µ2) vs. α phase diagram for maximum EoF achieved.
cw field (top) and pulsed field (bottom). Ri = 9 nm (left), Ri = 13 nm (right).
On the (µ,α) plane we depict the contour plot of the projection of the 3D
picture.
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Figure 6: Comparison of maximum (see previous diagram) and final EoF for the dipole
moment (µ1 = µ2) vs. α phase diagram for the pulsed field. Final EoF is
measured at 2t0. Ri = 9 nm (left), Ri = 13 nm (right).
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Figure 7: Dipole moment µ vs. detuning phase diagram for maximum EoF. The param-
eters are the same as in the previous phase diagram.
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